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Abstract 
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Randomness in the sense of Martin-L6f can be denned in terms of lower semi- 
computable supermartingales. We show that such a supermartingale cannot be 
replaced by a pair of supermartingales that bet only on the even bits (the first one) 
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q ■ and on the odd bits (the second one) knowing all preceding bits. 

1 Randomness and lower semicomputable super- 
i — l martingales 

The notion of algorithmic randomness (Martin-L6f randomness) for an infinite sequence of 
zeros and ones (with respect to uniform Bernoulli distribution and independent trials) can 
be denned using supermartingales. In this context, a supermartingale is a non-negative 
\^J real-valued function m on binary strings such that 
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for all strings x. Any supermartingale corresponds to a strategy in the following game. 
In the beginning we have some initial capital (m(A), where A is the empty string). Before 
each round, we put part of the money on zero, some other part on one, and throw away the 
^>- ', rest. Then the next random bit of the sequence is generated, the correct stake is doubled 

and the incorrect one is lost. In these terms, m(x) is the capital after bit string x appears. 
(If the option to throw away a portion of money is not used, then the inequality becomes 
an equality, and the function m is a martingale.) 

We say that a supermartingale m wins on an infinite sequence u if the values of m on 
the initial segments of u are unbounded. The set of all sequences where m wins is called 
its winning set. 

Algorithmic probability theory often uses lower semicomputable supermartingales. 
This means that for each x the value m(x) is a limit of a non-decreasing sequence of 
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non-negative rational numbers M(x, 0), M(x, 1), . . ., and the mapping (x, n) i— > M(x, n) 
is computable. 

The class of all lower semicomputable supermartingales has a maximal element (up 
to a constant factor). Its winning set contains winning sets of all lower semicomputable 
supermartingales; this set is called the set of nonrandom sequences. The complement of 
this set is the set of random sequences. 

This definition is equivalent to the standard definition given by Martin-L6f (e.g., 
see [1]); sometimes it is called a criterion of Martin-L6f randomness in terms of super- 
martingales. 

Some authors consider also a larger class of "computably random" sequences that 
one gets if lower semicomputable supermartingales are replaced by computable martin- 
gales (for simplicity, one can take rational- valued martingales). There is no maximal 
computable martingale, and a sequence is called computably random if any computable 
martingale is bounded on its initial segments. However, we keep Martin-L6f definition 
as the main one; in the rest of the paper "random" without additional adjectives means 
"Martin-L6f random" . 

2 Odd/even decomposition of martingales 

One can observe that for computable martingales it is sufficient to consider separately 
bets on odd steps only and bets on even steps only to get the definition of randomness. 
We say that a (super)martingale bets only on even steps (or, in other words, does not bet 
on odd steps) if m(x) = m(x0) = m(xl) for all strings x of even length. (For instance, a 
martingale is not betting at the third step if after the third coin tossing the capital does 
not change, that is, if m(x0) = m(xl) = m{x) for every x of length 2. In terms of the 
game this means that one half of the capital is put on zero and one half is put on one, 
and in any case the capital remains the same.) Similarly, a (super)martingale bets only 
on odd steps if m(x0) = m(xl) = m(x) for every x of odd length. 

Now let us give the precise formulation of the observation above: for any computable 
martingale t there exist two computable martingales t and ti such that t bets only on 
even steps and t\ bets only on odd steps, and the following holds: if t wins on some 
sequence uj, then either t or ti wins on uj. 

This implies that the winning set of t is included in the union of the winning sets of 
t and t\. 

Proof: Adding a constant if necessary, we may assume that t is strictly positive 
everywhere. Then we construct two martingales to an d t\ as follows: on even steps, to 
divides its capital between zero and one in the same proportion as t does, and t\ does not 
bet (puts equal stakes on zero and one); on odd steps, t and ti change roles. Then the 
gain of t (the current capital divided by the initial capital) equals to the product of the 
gains of t and t±. Therefore, if both t and t 1 are bounded on prefixes of some sequence, 
so is t. 

In other words, defining randomness with respect to computable martingales, we may 
restrict ourselves to martingales that bet every other step (on even or odd steps only). 
A similar statement is true for the Mises - Church definition of randomness (that uses 
selection rules, see [T|): it is enough to split a selection rule into two rules; one selects 



only even terms, the other selects only odd terms. 

It turns out, however, that for lower semicomputable supermartingales (and Martin- 
Lof random sequences) the analogous statement is wrong, and this is the main result of 
the paper. 

Theorem. There exists a Martin-Lof non-random sequence u such that no super- 
martingale betting every other step (on even steps or on odd steps) wins on uj. 

This result will be proved in the next sections. Now let us point out its relations to 
the van Lambalgen theorem on randomness of pairs. 

Any bit sequence a can be splitted into two subsequences of even and odd terms a 
and ot\. It is easy to see that for a (Martin-Lof) random sequence a, both sequences «o 
and ot,\ are random. However, the converse statement is not true (trivial counterexample: 
even if a = a\ is random, the sequence with doubled bits is not). 

A well-known theorem of M. van Lambalgen [2] gives a necessary and sufficient condi- 
tion for the randomness of a: it is random if and only if «o is random with the «i-oracle 
and «i is random with the ao-oracle. (Informally, this means that even the player that 
can see any elements of a.\ before betting on cto and vice versa cannot win on any of these 
two sequences.) It would be natural to conjecture that there is no need to "look ahead" 
(choosing the stakes on the (2n — l)th step, one does not need to use the bits at positions 
2n, In + 2, In + 4, etc.). Surprisingly, this conjecture is wrong, as the theorem shows. 

This can be considered as a paradox: imagine two referrees who toss a coin during 
some tournament alternatively (for even and odd days respectively); we would expect 
that if each of them does her job well (her subsequence is "on-line random" in the con- 
text of the entire sequence, see |3j), then the entire sequence is random. The example 
constructed in this paper show that this is not the case if we define randomness in terms 
of supermartingales: it may happen the the entire sequence is flaw but the flaw cannot 
be attributed to one of the referees. 

3 Construction of a game 

We present the proof using a certain infinite game of two players called Mathematician 
(M) and Adversary (A). 

Adversary constructs (enumerates from below) two supermartingales to and t\ (that 
make bets on even and odd steps, respectively). Mathematician constructs a super- 
martingale t. At each move, the players provide some approximations from below for 
their supermartingales; these approximations have only finitely many non-zero values and 
are itself supermartingales (betting on admissible steps only, for A's supermartingales). 
The sequence of approximating supermartingales is non-decreasing (the players cannot 
decrease the values already announced) . Thus the moves of the players are constructive 
objects (can be encoded by binary strings, etc.). The players move in turn and can see 
moves of each other (so we have a perfect information game). Additionally, the values 
of all the supermartingales on the empty string are required to be 1 (this normalization 
prevents infinite limit value on any string). 

The game is an infinite sequence of moves of the players; it determines three limit 
supermartingales. M wins if there exists a sequence uj such that M's supermartingale t 



wins on uj (is unbounded on the prefixes of uj) and both A's supermartingales to and t\ 
do not win (are bounded on the prefixes of a;). 

Main Lemma. M has a computable winning strategy in the game. 

It is easy to see that this lemma implies the theorem. Actually, the standard argument 
(see P) shows that there are two maximal (up to a constant factor) lower semicomputable 
supermartingales to and t\ of the type considered (making bets every other step). Let us 
run M's winning strategy against the enumeration of these two supermartingales by A. 
(Note that in this case A does not use the information about M's moves.) 

Since the strategies of both players are computable, the limit supermartingale t is 
lower semicomputable. Since M's strategy wins, there is a sequence uj such that t wins 
on uj but both to, t\ (and therefore any other lower semicomputable supermartingale of 
the type considered) do not win on u. The theorem follows. 

It remains to prove the Lemma. In the next sections, we redefine this game as a 
game on an infinite binary tree and define versions of this game on a finite tree. Then we 
explain how to combine winning strategies for the games on finite trees into one winning 
strategy for the game on the infinite tree. Finally, we describe a winning strategy on a 
finite tree. 

4 Games on finite and infinite trees 

It is convenient to consider an infinite binary tree that is a "field" of the game described. 
The nodes of the tree are binary strings (xO and xl are children of x). The players 
increase the current values (approximations from below) of their supermartingales (one 
value per node for each supermartingale). 'After the game ends" (the quotes are used 
since the game is infinite), a referee comes and looks for an infinite tree branch with the 
properties described in the winning conditions above. 

Let us define an auxiliary game on a finite binary tree of a certain height h. As before, 
the players make their moves and increase the current values of their supermartingales 
(t for M and t , ti for A). The supermartingales to and t\ satisfy the same restrictions as 
before: t bets on even steps, t x bets on odd steps. The values of all three supermartingales 
in the root (on the empty word) are equal to one all the time. In the other tree nodes, the 
supermartingales are equal to zero in the beginning and then the players increase them 
step by step. 

The game on a finite tree is still infinite. "At the end" of this infinite game, we 
consider the limit values of the supermartingales at the leaves of the tree to determine 
the winner. The winning condition will be quite technical, but the idea is as follows: M 
wins if there exists a leaf where M's supermartingale t is substantially greater than 1, 
while on the entire path to this leaf both A's supermartingales to and t\ do not exceed 1 
significantly (actually, this is a "finite version" of the winning condition on the infinite 
tree) . 

Let us assume for a while (later we will need to consider a more complicated game) 
that M has a winning strategy for the following version of the game: M can guarantee 
that in one of the leaves t is greater than 2 while to and t\ do not exceed 1 on the path 
to this leaf. 

Then this winning strategy for M can be used as a building block for M's strategy on 



the infinite tree. Indeed, we can start the second game on another finite tree whose root 
is the winning leaf in the first tree, but with twice more money. (This means that the 
actual M's moves on the subtree of the infinite tree are twice bigger that M's moves in 
the second finite game. In other words, we apply the winning strategy for the finite tree 
doubling all values of t.) In the limit, this second game gives a leaf (of the second finite 
tree) where M's supermartingale t exceeds 4 = 2 2 and A's supermartingales to, ^1 still do 
not exceed 1 (on the whole path from the root of the infinite tree). One more copy of 
the game is then started from this leaf (with factor 4), it gives 8 = 2 3 in some leaf etc. 
In the limit (where infinitely many finite games are combined), we get an infinite branch 
where t goes to infinity while t and ti are bounded. 

This description is oversimpified and ignores some important points. First of all, we 
should keep in mind that the game on the finite tree is infinite, and thus M must start 
the next round (on the second finite tree grown from the leaf of the first one) when the 
first game is still in progress (and therefore, the leaf chosen may be discredited later when 
values of t and £i increase). 

From the formulation of the winning condition on the finite tree, we see that the 
condition (for a certain leaf) can be fulfilled at some moment (t is large whereas to, ^i 
are small yet), and then be violated (when A increases to or ti). Note that after that 
the winning condition cannot be fulfilled again, hence a leaf cannot become a winning 
candidate for the second time. 

Starting a new subtree from the current winning candidate (and discarding this sub- 
tree when and if this leaf is discredited), we get a picture like Figure [U The grey triangles 




Figure 1: Active and discontinued games on finite trees 

represent subtrees where the game was started and then cancelled (the candidate in their 
root was discredited); the white triangles represent active (currently) games. The dots 
represent current winning candidates. (We may allow several winning candidates in the 
same tree and start new subtree for all of them; however, in the picture above this is not 
shown. In fact, we postpone new games and add the next tree of the same level only 
when the previous one has been discarded.) 

Note also that in reality M should play against A on the infinite tree (and not against 
many adversaries on finite trees). However, the moves of A on the infinite tree can be 
easily translated into moves of the adversaries in the active games on finite trees. 

By the definition of the winning strategy on the finite tree, M's supermatingale t 



doubles at each "level" compared to its value at the previous "level" ; on the other hand, 
A's supermartingales to, t\ do not exceed 1 along the entire path through the winning 
leaves. 

Let us see what happens with this picture in the limit. At the first level the winning 
candidate may change only finitely many times. Hence, at some moment some candidate 
will be "final" and will never be discredited. The game in the subtree starting from this 
candidate will never be discarded and a winning leaf should appear there (and stabilize 
after finitely many changes), and so on. In the limit, we get an infinite branch where M's 
super martingale t is unbounded while both A's supermartingales to, t\ are bounded. 

5 Game on a finite tree 

Informal discussion 

We begin with some informal discussion, which may help to understand the idea behind 
the winning strategy for a finite tree game. However, the reader can safely proceed to 
the formal statement and proof (that uses a slightly different and more simple, but less 
intuitive, argument) if this informal introduction seems unclear. 

Let us make several trivial observations. M wants to make the supermartingale t 
greater than 1 in some leaf. But this means that t must remain less than 1 in some 
other leaves (since the average, the root value, is 1). So what M really needs to do is to 
find leaves that are not "promising" and not to waste t on them, saving the money for 
the other leaves. In particular, M can skip the leaves that have already been discredited 
(to or t\ exceeds 1 on the path to these leaves). If we put some C > 1 in all the 
leaves except for some "discredited" one, then we are done: there exists some path on 
which both A's supermartingales are bounded by 1 (indeed, at each vertex one of the 
supermartnigales does not play and the other loses in some direction) and this path ends 
in a non-discredited leaf where we have put C. (To keep the average in the root not 
exceeding 1, we let C = N/(N — 1) where N is the number of leaves.) 

So, let us try to construct a strategy for M assuming additionally that A avoids dis- 
crediting leaves "in advance" . M starts by placing some C > 1 in the leftmost leaf x. 
Then A must discredit x by making one of to, t\ greater than 1 in a; or on the path to x. 
Note that if to or t\ is greater than 1 below x then some other leaves become discred- 
ited at the same time, and this should not happen according to our assumption. So A 
has to increase one of its supermartingales in x itself. Moreover, A has to increase the 
supermartingale that bets in x's parent u (say, to): the increase of the other supermartin- 
gale will mean its increase in u and therefore also on the way to rr's brother y, so some 
leaf would become discredited before M spent money on it (and this should not happen 
according to our assumption). 

At the second move, M places C in y. Now A cannot increase to on the way to y, 
because then two more leaves (x's cousins z and p) would be discredited prematurely. 
Indeed, if t exceeds 1 on the way to y, then (due to averaging in u; note that t exceeds 
1 in x) it exceeds 1 in u and also in its father v, since to does not play in v, which makes 
other two grandsons of v (z and p in the picture) discredited. Therefore, at some point 
t\ exceeds 1 in y (or on the way to y) and therefore in u (or on the way to u). 
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Figure 2: The start of the game. The left column indicates which of the super martingales 
plays at a given level. 

Then we place C in the third (from left to right) leaf z and wait until A makes one of 
the supermartingales to an d t\ greater than 1 in z or on the way to z. It could be only t 
for the same reasons as above (otherwise z's brother p would be discredited). Next step 
is to place C in p and wait until one of to and t\ exceeds 1 in p or on the way to p. This 
could happen with t only: indeed, if t\ exceeds 1 on the way to p, then t\ exceeds 1 in 
both u and q (p's father) and therefore in v (averaging) and w (i>'s father where t\ does 
not play), which discredits four next leaves. 

Continuing this process, we see that A is always forced to follow a certain pattern, if A 
wants to avoid spreading down the values of to and t\ and hence discrediting some leaves 
too early. To understand this pattern, we can imagine that each leaf contains a Boolean 
variable: its value (0 or 1) says which of t and t\ exceeds 1 in this leaf. Note that the 
values of these variables spread down by simple AND-OR rules: if the supermartingale 
bets in the node and exceeds 1 in both children of this node, it should exceed 1 in the 
node itself; the same is true if the supermartingale does not bet in this node and exceeds 1 
in at least one of its children. 

So the process resembles the evaluating of an AND-OR-tree whose leaves carry 
Boolean values and AND/OR-layers alternate. "Early discrediting" corresponds to the 
so called shortcut evaluation: unused variables correspond to the prematurely discredited 
nodes. It is easy to see that if A assigns values to the leaves of an AND/OR-tree (say, 
from left to right) and wants to avoid shortcut evaluation, there is only one way of doing 
so (except for the last variable). The same is true in the game: if A wants at any rate to 
avoid the cases where some leaves are discredited before M puts some value there, and 
M goes from left to right, A has essentially no choice (except for the last moment). 

The idea of the actual strategy of M is to use either the advantage that M can gain 
when A deviates from the pattern (and discredits some leaf prematurely) or to use the 
advantage that M can gain when A follows the pattern for the first 1/4 of all leaves. For 
the first case, when M does not need to place anything in some prematurely discredited 
leaf M can safely place C = N/(N — 1) in all the other leaves (where N is the number 
of leaves). Note that it is much less than 2 that we planned initially but still enough for 
our purposes as we see later. For the second case, let us consider the Boolean values in 



the leaves that prevent shortcuts, i.e., the sequence 0100010101000100. .\j Every second 
place is occupied by a zero, that is, at every second leaf, to is greater than 1. Hence, 
two levels below, to is greater than 1/2 in all the nodes. And it is easy to see that the 
sequence of labels is the same there: at every second node, to is greater than 1 again. 
Therefore, four levels below the leaves, t is greater than 3/4 in all the nodes, and so on. 
The same works for t±, if we go through the "odd" levels (one, three, five,... levels below 
the leaves). Thus M can take any node, a sufficiently large subtree above it, and provide 
that, say, t\ is close to 1 (though, may be, less than 1) in this node. Let the node be the 
leftmost grandchild of the root (where ti bets, but does not bet in the children of the 
root). Then t\ is close to 1 in the left child of the root. Therefore it cannot exceed 1 
significantly in the right child of the root, while t does not exceed 1 there (since t does 
not bet in the root). Now M concentrates on the right half of the subtree and can put, 
e.g., 4/3 in all its leaves (recall that 1/4 of all leaves remain free and the other 1/4 carries 
only C). But A's supermartingales do not exceed 1 significantly in the right child of the 
root and therefore the same is true for some path in the right half of the tree. 

In both cases, M has achieved something, but these achievements differ. To reflect 
this, we have to change the definition of the finite game allowing two winning conditions 
for A. Let us now proceed with the details. (The motivation as explained above is not 
explicitly used in the sequel.) 

Game on the finite tree: precise formulation 

As we have explained, we do not achieve the earlier announced goal (M's supermartingale 
exceeds 2 in some leaf whereas A's supermartingales do not exceed 1 on the path to it). 
Let us explain what we can really achieve and how to use this for the winning strategy 
in the infinite game. 

Admissible increase of the supermartingales 

We are not able to guarantee that (for the game on the finite tree) there exists a leaf 
where t increases while both to, ti still do not exceed 1. Instead, we have to allow some 
small increase for to and t±, limited by factor (1 + 5). These coefficients are multiplied 
along the tree chain, but we manage to have decreasing values of 5 along the chain so the 
product is bounded by some constant. 

On the other hand, we cannot guarantee also that t is multiplied at least by 2; only 
some smaller factor (depending on 8, as we will see) can be achieved. We have to ensure 
here that the product of these factors diverges to infinity. 

More formally, for every finite subtree, a special version of lemma is used with appro- 
priate factors (guaranteed increase for t and allowed increase for t and tx). The products 
of the corresponding factors for preceding subtrees (along the path from the root) are 
used as scaling factors for the current subtree. Note that scaling factors for M and A are 
different and are multiplied separately. The winning condition for the preceding games 
guarantees that the actual moves of A (divided by A's scaling factor) do not violate 
the rules of the game on the finite tree, and the moves of M in the game on the finite 
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tree (multiplied by M's scaling factor) do not violate the supermartingale property for 
the composite tree. (If the winning condition is violated, the corresponding subtree is 
discarded and M does not change t inside it anymore.) 

Trees of variable height 

The correction factors (possible increase of supermartingales in the game on finite tree) 
depend on the height of the finite tree the game is played on. These heights we may 
choose at our discretion, and we do this in such a way that the product of A's coefficients 
converges while the corresponding product of M's coefficients diverges. 

Two winning cases 

Unfortunately, even this scheme (two increase factors depending on the tree height) is 
not final. In the actual game on the finite tree, M wins in any of the two cases: 

(1) either A's supermartingales to, t\ do not increase at all on the path from the root 
to some leaf, whereas M's supermartingale t in this leaf increases (even a small increase 
in enough); 

(2) or A's supermartingales to, t\ increase, but this increase is small while M's super- 
martingale t increases substantially. 

More formally, for a tree of height h there are two pairs of real numbers, 
(Mi(h) , mi(h)) and (M2(h) , m,2(h)) . A leaf is called winning (at some step of the game) 
if the leaf has the label i — 1 or the label % — 2 (attached by M as explained below) and 
t is greater than Mi(h) in the leaf whereas to, t\ are not greater than rrii(h) on the path 
to the leaf (here we speak about the current values of the supermartingales). 

These pairs are: 
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(The exact values are not so important, we need only the properties mentioned above 
in (1) and (2); in fact, we use only odd values of h.) 

As mentioned above, we have one additional requirement: M must indicate the type 
of the winning leaf. Namely, M can attach labels % = 1 or % = 2 to leaves; once attached, 
the label cannot be removed; a leaf cannot carry both labels. Note that if the conditions 
for supermartingales are fulfilled, but the leaf has no label or "wrong" label, this leaf is 
not a winning leaf. (We need this to choose correctly the height of the next tree.) 

At last, we are ready for an exact statement: 

Main Lemma on games on finite trees. For this game on a tree of any odd height 
h ^ 3, M has a winning strategy; this strategy guarantees that at least one winning leaf 
appears and remains winning forever. 

We prove the lemma in the next section. Now let us show how the lemma is used to 
construct a winning strategy on the infinite tree. 

M starts to play on a tree of a certain height, say h = 3. When a winning leaf appears, 
M adds a new tree on top of this leaf (having it as a root). This new tree has the same 
height h if % = 1, and it has a larger height h + 2 if % = 2. When this second- level 
tree gets a winning leaf, M adds a new tree according to the same rule, and so on. For 
technical convenience, we will assume that there is only one winning leaf at any moment 



postponing the others candidated until the current one is rejected. When a leaf is rejected 
we discard everything that grows from this leaf. 

(Note that Figure refsupermartl above does not show this adequately: as we go up, 
the heights of the trees grow; note also that the heights of trees of the same level may be 
different.) 

Let us consider the infinite branch (it is unique under our assumption) obtained in 
the limit and the labels that appear along this branch. If there is only a finite number 
of labels % = 2 along it, then the heights of the trees along the branch are the same 
from some point, thus A's supermartingales t ? ti do not increase after this point and 
M's supermartingale t increases every time by a small, but constant factor, hence t is 
unbounded. 

Now consider the case of infinite number of i — 2 labels. For the trees where the 
winning leaf has the label i = 2, A's supermartingales to, t\ increase at most by the 
factor 

l + l/( 2 L(h-l)/2j) 

for odd h, and each h occurs only once. For the other trees, t , tx do not increase, thus 
they are bounded. On the other hand, each of the infinitely many leaves with i = 2 
provides that M's supermartingale t increases by a factor of 3/2, and for the other trees, 
t does not decrease (even increases a bit), hence t is not bounded. Therefore, in both 
cases, we get an infinite branch where A's supermatingales are bounded, whereas M's 
supermartingale is not. 

Winning strategy 

Let us describe M's winning strategy on a tree of some odd height h. Before the game 
starts, M selects some path from the root to one of the leaves, for example, the path that 
always goes left. Denote the nodes on this path A , Ax, A 2 , ■ ■ ., and denote their brothers 
by Bx, B 2 , . . . (A denotes the root). 

At the first move, M lets the value of supermartingale t to be c = 2 ft- /(2 h — 1) in all the 
leaves above B 3 ,B 5 , . . . (Fig. [3]) and labels all these leafs with i — 1. Other leaves keep 
zero values. The values in the other (non-leaf) nodes are set so that t is a supermartingale, 
i.e. as the average over the leaves that are their descendants. (Recall that initially the 
value of t is zero everywhere except the root, where the value is 1 all the time.) 

As a result of this move, several winning leaves appear. To avoid defeat, A has (at 
some point) to increase A's supermartingales: for each winning leaf, to or tx must be made 
greater than 1 somewhere on the path to this leaf. Consider two variants: this happens 
either on the path to one of B^, B 5 , . . . or inside the subtrees rooted at B 3 , B 5 , . . . 

First case: One of A's supermartingales becomes greater than 1 in some A^ (note 
that if a node is on the path to Bj then this node is A+ for some i). 

M's move: Set supermartingale t to be equal to c in all leaves except the leaf on 
the selected path (the leftmost leaf Ah in our case), and label all these leaves with i — 1. 
Below, t is adjusted by averaging (thus getting exactly 1 in the root). 

Why this helps: Both A's supermartingales are not greater than 1 in the root. 
There exists a path where they both do not increase (let us construct this path from the 
root: the supermartingale that does not bet in the node does not change, and we choose 
the direction where the betting one does not increase). Hence, there is a leaf such that 

10 




Figure 3: The first move of M 

on the path to it both to, ti are n °t greater than 1. This cannot be M's selected path 
(the leftmost one in our case), since it goes through all A iy including the "bad" one. But 
in all other leaves, M's supermartingale t is equal to c, thus one of them is winning. 

Second case: In all the subtrees above B3, B§, . . ., A has increased to or t\- Therefore, 
in all the nodes S3, B§, . . ., either to or t± is greater than 1 (otherwise one can find a path 
from Bj to a leaf where both t , t\ are not greater than one, i. e. a winning leaf). 

Actually, we may assume here that the supermartingale that is greater than 1 in Bj 
does not bet in Bj and bets in the previous node A/_i: the other possibility is covered by 
the first case, since the supermartingale that does not bet in A,_i would have the same 
value (greater than 1) in A,_i as in Bj. Hence, one supermartingale is greater than 1 
in all B 3 ,B 5 ,.... To be definite, we say that it is the "odd" supermartingale ti (this 
is literally true for first, third, and all the games on finite trees with the odd numbers, 
where t\ bets in the roots; for the games with even numbers, to and t\ switch their roles). 

Lower bound. We can obtain lower bounds for the values of ti in all Ai, going down 
along M's selected path. The supermartingale t\ does not bet in half of the nodes (and 
keeps its value) while in the other half the lower bound is averaged with a value greater 
than 1. Thus we get a bound as in Fig. H] (the figure is for the tree of height 7). Since 
the supermartingale ti is not greater than 1 in the root and bets there, we get an upper 
bound for its value in B\. 9/8 for the case in the figure and 1 + l/2^ -1 ^ 2 in general. 

M's second move: In all the leaves above B\, the value of t is set to 3/2, and the 
leaves are labeled with i = 2. Below, t is adjusted by averaging (it is easy to check that 
the value in the root does not exceed 1: in the second quarter of the leaves, t is zero, and 
in the first quarter, t is slightly greater than 1 in some leaves only). 

Why this helps: In Bi, both A's supermartingales are not greater than l-\-l/2^ h ~ 1 '' 2 
(we have shown this for ti\ since to does not bet in the root, it does not exceed 1 also 
in Bi), and this holds along some path to a leaf above B\. But M's supermartingale t 
is 3/2 there. 
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Figure 4: Lower bounds for t\ along the M's selected path, and his second move 

The construction of the winning strategy for the game on the finite tree (and thus the 
proof of the theorem) is completed. 

6 Non- uniform measures 

Recall that martingales and supermartingales can be interpreted as a capital during a 
game. So far we have considered a game where the coin is symmetric. If the next bit is 
guessed correctly, the stake is doubled. But we can consider other distributions where 
the declared probabilities of and 1 are not equal. In this case it is fair that a stake 
on a less probable outcome wins more than a stake on a more probable outcome. These 
"non-symmetric games" correspond to (super) martingales with respect to a measure. A 
non-negative function \x on binary strings is called a measure (probability distribution) 
if /i(A) = 1 and 

/i(x) = n(xO) + /i(xl) 

for all strings x. A supermartingale with respect to measure // is a non-negative function 
m on binary strings that satisfies the inequality 

/i(xO) fi(xl) 

mix) ^ m(xO) — — — + mixl) — — — 
fi(x) n{x) 

for all strings x. (For the uniform measure X(x) = 2~ len9th( - x \ we get our previous defini- 
tion of supermartingales.) 

When lower semicomputable supermartingales are considered, it is usually required 
that the measure is computable. The definition of Martin-L6f randomness is extended to 
the case of arbitrary computable measures in a natural way, and the randomness criterion 
based on lower semicomputable supermartingales works for the general case too. 
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We stated our main theorem for supermartingales with respect to the uniform mea- 
sure. But it holds for a wider class of computable measures. 

Theorem. Let n be a computable measure such that the conditional probabilities for 
the next bit are separated from zero: 

3e > \/x [/j,(xO) / n(x) > e and /i(xl) / fi(x) > e]. 

Then there exist a Martin-Lof non-random with respect to fi sequence uj such that no 
fi-supermartingale that bets every other step (only on even steps or only on odd steps) 
wins on uo. 

The proof follows the same line with minimal changes: one should adjust thresholds 
in the winning conditions and select the path A , A-i, A 2 , . . . used in the winning strategy 
with some caution. 
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AjiropHTMHMecKaH cjiynaHHOCTb h pa36HeHne 

cynepMapTHHrajiOB 

Ah. A. MyHHHK* 



AHHOTail,H5I 

00 ' 

^^ ■ OflHO H3 (sKBHBajieHTHbix) onpeflejiemrii cjiynaHHOCTH nocjieflOBaTejibHOCTH b 

CMticjie MapTHH-JIecpa Hcnojib3yeT nepenHCJiHMbie CHH3y cynepMapTimrajibi. Mm 

noKa3bmaeM, hto He bchkhh TaKOii cynepMapTHHraji mojkho 3aMeHHTb ppyMR, ,a;e- 

JiaiOmHMH CTaBKH TOJIbKO Ha HCTHblX H TOJIbKO Ha HeHCTHblX HjieHax nocjieflOBa- 
^^ . TejIbHOCTH. 

00 

1 CjiynaHHOCTb h nepeHHCJiHMbie CHH3y 
cynepMapTHHrajibi 

O . O^ho H3 onpe^ejieHHH ajiropHTMH^ecKOH cjiynaHHOCTH ,a,jia 6ecK0HenH0H nocjie^OBaTejib- 

hocth Hyjieii h e^HHHn, (oTHOCHTejibHO GepHyjuiiieBCKoro pacnpe^ejieHHa c He3aBHCHMbi- 
mh HcnbiTaHHHMH h BepoaTHOCTbK) ycnexa 1/2) Hcnojib3yeT TaK Ha3biBaeMbie cynepMap- 

\g) ■ THHrajibi. B ajiropHTMHHecKoii Teopnn BepoaTHOCTeft cynepMapmumcuioM Ha3biBaeTca 

(pyHKii,HH, onpeflejieHHaa Ha Bcex flBOHHHbix cjiOBax, npHHHMaioiHaa HeoTpHHaTejibHbie 

^ fleiicTBHTejibHbie 3HaneHHa h yzjOBJieTBopaiOHiaa HepaBeHCTBy 

m(xO) + m(xl) 



O 
oo 
o 



m(x) ^ 

fljiii JiK)6oro cjiOBa x. Taxaa cpyHKHiia cooTBeTCTByeT CTpaTerHH fljia nrpbi, b KOTopyio mm 
BCTynaeM c HeKOTopbiM HanajibHbiM KanHTajiOM m(A) (r^e A — nycTaa CTpoxa), h nepe^, 
KajK^biM HcnbiTaHHeM (6pocaHiieM MOHeTbi) nacTb HMeioiHHxca Ha ^aHHbiH MOMeHT ^eHer 
CTaBHM Ha Hyjib, aacrb Ha eflHHHiiy, a aacrb Bbi6pacbiBaeM. ilponrpaBHiaa CTaBKa (Ha 
HenpaBHJibHbifl ncxofl) TepaeTca, a BbinrpaBHiaa B03BpainaeTca b ^bohhom pa3Mepe. B 
3toh TepMHHOJiorHH m(x) — Hani KanHTaji nocjie Toro, xax Bbinajin 6htm cjiOBa x. (Ecjih 
B03M0>KH0CTb BbiSpocHTb HacTb ,a,eHer He Hcnojib3yeTca, to HepaBeHCTBO o6pam;aeTca b 
paBeHCTBO, h mm nojiynaeM onpe^ejieHne Mapmumcuia.) 



X 



ctf 



*Pa6oTa 6bma BbinojiHeHa AH^peeM Ajib6epT0BHHeM MyHHHKOM (1958-2007) b 2003 ropy, Tor^a xe 
oh paccKa3aji o Hen A. B. HepHOBy, kotopmh no^roTOBHji npeflBapHTejibHMH TeKCT CTaTbH. 9tot TeKCT 
6mji npocMOTpeH Ah. A. My^miKOM, kotopmh npe^nojiaraji pa6oTaTb Hafl hhm flajibine, ho H3MeHemiH 
BHecTH He ycneji. OKOH^aTejibHMH tckct noflroTOBHjiH A. B. HepHOB h A. BleHb b 2007-2008 ro^ax; 
yKa3aHHbie jiHH,a HecyT bcio OTBeTCTBeHHOCTb 3a B03MO»cHbie ohih6kh b TeKCTe. Pa6oTa no/mepjKaHa 
rpaHTaMH P<I><I>H h Sycomore (ANR, CNRS, France). 



Mbi roBopiiM, hto (cynep)MapTHHraji m eumpueaem Ha nocjie^OBaTejibHOCTii u, ecjin 
ero 3HaneHna Ha HanajibHbix OTpe3Kax stoh nocjie^OBaTejiBHOCTH He orpaHnneHbi CBepxy. 

B ajiropHTMHnecKOH TeopHH BepoaTHOCTen nacTO paccMaTpHBaiOT nepenucAUMue 
cHU3y cynepiviapTHHrajibi: sto 03HaaaeT, mto m(x) ecTb npejreji HeySbiBaiomeH nocjiejro- 
BaTejibHOCTH HeoTpnn;aTejibHbix paHHOHajibHbix anceji M(x, 0), M(x, 1), . . ., h cpyHKHiia 
(x, n) i— > M(x, n) BbinncjinMa. 

Cpejjn Bcex nepenHCJiHMbix CHH3y cynepMapTHHrajiOB HMeeTcn Han6ojibniHH (c toh- 
HOCTbio flo nocTOHHHoro MHOJKHTejifl) ; ero BbrarpbiiHHoe MHoacecTBO (HaH6ojibHiee no 
BKJiiOHeHHio cpejrn BbiHrpbiHiHbix MHOxcecTB nepeancjiHMbix CHH3y cynepMapTHHrajiOB) 
Ha3biBaeTca mhojkcctbom Hecjiyuaunux nocjiejroBaTejibHOCTeH, a jronojiHeHne SToro mho- 
jKecTBa — MHoacecTBOM cAynauHux nocjiejrpBaTejibHOCTeii. 

3to onpe^ejieHne SKBHBajieHTHO KjiaccnnecKOMy onpe^ejieHHio MapTHH-iIe(pa (cm., 
HanpHMep, [I]), nosTOMy ero mojkho Ha3BaTb TaKace KpnTepneM cjiynanHOCTH no MapTHH- 
Jlecpy b TepMHHax cynepMapTHHrajiOB. 

3aMenaHHe. IiHorjja paccMaTpHBaiOT TaioKe n 6ojibinee MHoacecTBO nocjiejroBaTejib- 
HOCTeii, KOTopoe nojiyaHTca, ecjin b stom onpejrejieHHH 3aivieHHTb nepenncjinMbie CHH3y 
cynepiviapTHHrajibi Ha BbinncjinMbie MapTHHrajibi (fljia npocTOTbi SyijeM cnnTaTb, hto hx 
3HaneHHfl — painiOHajibHbie nncjia); cpe^n BbinncjinMbix MapTHHrajiOB HeT Han6ojibniero, 
Tax hto nocjie^OBaTejibHOCTb Ha3biBaiOT cjiyaaimoH, ecjin Bee BbiHHCJiHMbie MapTHHrajibi 
Ha Heii orpamraeHbi. 

2 HeTHbie h HeneTHbie niarn 

,Hjia BbiHHCJiHMbix MapTHHrajiOB HMeeT MecTO TaKoe npocToe HaSjnofleHne: npn onpejre- 
jieHHH cjiynaHHOCTH mojkho orpaHHHHTbca MapTHHrajiaMH, KOTopbie ,zi;ejiaiOT CTaBKH jih6o 
tojibko Ha neTHbix inarax, jih6o tojibko Ha HeaeTHbix niarax. By^eivi tobophtb, hto (cy- 
nep)MapTHHraji dejiaem cmaeKU mojihKO na nemnux tuasax, ecjin m(x) = m(x0) = m(xl) 
fljifl Bcex cjiob x Heraon jj,jinHbi. (HanpHMep, OTKa3 ot CTaBKH Ha TpeTbeM niare 03HanaeT, 
hto nocjie TpeTbero SpocaHHa KannTaji He MeHaeTca, to ecTb m(x0) = m(xl) = m(x) 

npH flByx6HTOBbIX x.) 

AHajiornaHbiM o6pa30M (cynep)MapTHHraji dejiaem cmaeKU mo/ibKO na Henemnux 
masax, ecjin m(x) = m(x0) = m(xl) ijjia Bcex cjiob HeneTHon jjjiHHbi. (roBopa 06 ot- 
cyTCTBHH CTaBKH, mm HMeeM b BHjjy, hto KannTaji ^ejiHTca nopoBHy Meatfly HyjieM h 
ejjHHnneii, h mm b jho6om cjiynae ocTaeMca «npn cbohx».) 

CcpopMyjinpyeM tohho ynoMHHyToe Bbinie Ha6jno,neHHe: 3ah aw6ozo buhucaumozo 
MapmumaAa t cymecmeywm dea buhucaumux MapmumaAa t ut\, nepeuu U3 tzomo- 
pux deAaem cmaeKU moAbKO na Her/mux mazax, a emopou — na Henemnux, u eunoAneno 
maKoe ceoilcmeo: ecAU t euuspueaem na Henomopou nocAedoeameAbHocmu u, mo xomn 
6u odtiH U3 MapmumaAoe to u t\ euuspueaem na oj. OTCio^a cjie^yeT, hto BbiHrpbinmoe 
MHOJKecTBO MapTHHrajia t coflepacHTca b oST.ejjimeHHH BbiHrpbiHiHbix MHoacecTB MapTHH- 
rajiOB to H ti. 

,ZJoKa3aTejii>CTBo: ^o6aBHB KOHCTaHTy, mojkho cnnTaTb, hto MapTHHraji t Bcio^y no- 
jio>KHTejieH. IlocTpoHM jj,Ba MapTHHrajia to n t\ Tax: Ha neTHbix niarax to ^ejinT KannTaji 
Me>K,a,y HyjieM h ejj,HHnn,en b toh >Ke nponopn,Hn, hto t, a t\ He )j,ejiaeT CTaBOK (=CTaBHT 
nopoBHy Ha Hyjib h ejj;HHHii;y) , a Ha HeneTHbix niarax — HaoSopoT. Torjj;a Bbinrpbini t (b 



nponeHTax ot HanajiBHoro KanHTajia) paBeH npoH3Be^eHHio BbinrpbiHien to h t\, Tax hto 
ecjin 3th ^Ba MapTPmrajia orpaHnneHBi Ha HanajiBHbix OTpe3Kax KaKon-TO nocjie^OBa- 
TejibHOCTH u, to n t orpaHnneH Ha HHX. 

,HpyrHMH cjiOBaMH mojkho CKa3aTb Tax: npn onpe^ejieHHH cjiynanHOCTn OTHOCHTejib- 
ho BbiHHCJiHMbix MapTHHrajiOB mojkho orpaHHHHTbca MapTHHrajiaMH, KOTopbie ^ejiaiOT 
CTaBKH tojibko nepe3 pa3 (jih6o tojibko Ha hcthmx niarax, jih6o tojibko Ha HeneTHbix). 
AHajiorHHHoe 3aMenaHne (TaioKe nonTH oneBn^Hoe) mojkho c^ejiaTb h rjisi onpe^ejieHHH 
cjiynaHHOCTH no Mn3ecy - Mepny (c noMombio npaBnji BbiSopa, cm. [1]): ^ocTaTOHHO pa3- 
6nTb npaBHjio Bbi6opa Ha ^Ba, o^ho BbiSnpaeT TOJibKO njieHbi no^nocjie^OBaTejibHOCTH c 
neTHbiMH HHfleKcaMH, ijpyroe — tojibko c HeneTHbiMH. 

Ochobhoh pe3yjibTaT paSoTbi coctoht b tom, hto jj;jih nepeHHCJiHMbix CHH3y cy- 
nepMapTHHrajiOB (h cjiynanHbix no MapraH-JIecpy nocjie^OBaTejiBHOCTen) aHajiornnHoe 
yTBep>KfleHHe HeBepHO. 

TeopeMa. Cyii^ecmeyem HecAynaunaH no Mapmim-JIetfiy nocAedoeameAbHocmb u, 
na Komopou ne euuspueaem hu odun nepeuucAUMUU cuu3y cynepMapmumaA, deAato- 
muu cmaeKU moAbno Ha uernHUX uiazax, a maKcnce hu odun nepenucAUMUu cnu3y cy- 
nepMapmuHsaA, deAawu^uu cmaeKU moAbno na HeuemHux uiazax. 

,HoKa3aTejiBCTBO SToro pe3yjiBTaTa 6y^eT ^aHO b cjie^yiomnx pa3flejiax CTaTbn. Cen- 
nac mbi OTMeTHM ero cbh3b c TeopeMoft JlaM6ajibreHa o cjiyHaimocTH napbi. 

Ka>Kia;yio nocjie/ipBaTejibHOCTb Hyjieii n e^HHHii; a mojkho pa36nTb Ha ppe no^nocjie- 
jjOBaTejibHOCTH (neTHbie h HeneTHbie HJieHbi) h tcm caMbiM conocTaBHTb c Hen napy no- 
cjie^OBaTejiBHOCTeH Qo h «i. Hecjio>KHO hohhtb, hto fljia cjiynanHon (b CMbicjie MapTHH- 
Jle(pa) nocjie^OBaTejibHOCTH a o6e 3th nocjie^OBaTejiBHOCTn (ao h a>i) SyoyT cjiynanHBi, 
o^HaKO 3to ycjiOBne xoTa h HeoSxoijHMO, ho He flocTaTOHHO (oneBH^HbiH KOHTpnpHMep: 
a = «i). 

H3BecTHaa TeopeMa M. JlaiviGajibreHa [2] roBopHT, hto mm nojiyHHM HeoSxo/iHMoe 
n ^ocTaTOHHoe ycjiOBne, ecjin noTpe6yeM cjiynanHOCTn «o c opaKyjiOM a\ n HaoSopoT. 
HecpopMajiBHO roBopa, sto cooTBeTCTByeT TOMy, hto nrpoK HMeeT bo3mojkhoctb npo- 
CMaTpHBaTb (jiioSbie) HJieHbi nocjie/ipBaTejibHOCTH a%, jrejiaa CTaBKH Ha«o, h HaoSopoT. 
Mojkho SbiJio 6bi npe^;nojio>KHTb, hto HeT Heo6xo,nHMOCTH b «npocMOTpe Bnepe^» (Korija 
mm, jjejiaa CTaBKy Ha HeKOTopbift HeneTHbin 6ht, npocMaTpHBaeM H&rHbie, udyu^ue nocjie 
neeo, n Hao6opoT) — ho, KaK noKa3biBaeT ccpopMyjinpoBaHHan TeopeMa, sto He Tax. 

riojiynaeTcn napa^OKc: npe^CTaBHM ce6e, hto ^Boe cya,en SpocaiOT MOHeTbi nepe^, 
HanajiOM nrp KaKoro-TO TypHnpa, ho ^,ejiaiOT sto no onepe^n (ojj,hh no nerabiM ahmm, 
flpyrofi no HeneTHbiM. BbiJio 6bi ecTecTBeHHO o>KHia;aTb, hto ecjin KajKflbin H3 hhx /xejiaeT 
3to ia;o6pocoBecTHO (cooTBeTCTByiOHi;aa no^nocjieflOBaTejibHOCTb cjiynaHHa b KOHTeKCTe 
Bceii nocjieflOBaTejibHOCTH, cm. [3j), to h bch nocjie^OBaTejiBHOCTB 6y^,eT cjiynanHa. OKa- 
3BiBaeTcn, hto ecjin onpe^ejiflTB cjiynanHOCTB c noMOiu,BK) cynepMapTHHrajiOB, to sto He 
Tax: pe3yjiBTnpyioiu,aa nocjie^OBaTejiBHOCTB MO>KeT Sbitb HecjiynanHon, ho BHHy 3a sto 
Hejib3H B03JiojKHTb hh Ha o/iHoro H3 cy^efl. 

3 IIocTpoeHHe nrpbi, cooTBeTCTByKDm,eH TeopeMe 

,HoKa3aTejibCTBO TeopeMbi y^o6HO H3Jio>KHTb b BH^e HeKOTopon 6ecKOHenHon nrpbi flByx 
jihh,, KOTopbie 6yia;yT HMeHOBaTbca «mm» h «npoTHBHHK». 



IlpoTHBHHK nocTeneHHO ctpoht ^Ba cynepMapTHHrajia to n t\ (^ejiaioinne CTaBKH Ha 
hcthmx n HeneTHbix niarax cooTBeTCTBeHHo); mbi ctpohm o^hh cynepMapTHHraji t. Tlo- 
CTpoeHHe coctoht b tom, hto Ha Ka>K^OM mare nrpoKH yKa3biBaiOT HeKOTopoe npn6jin>Ke- 
Hne CHH3y k 3thm cynepiviapTHHrajiaM, KOTopoe HMeeT Jinnib KOHenHoe hhcjio HeHyjieBbix 
3HaHeHHH h caivio aBJiaeTca cynepiviapTHHrajiOM TpeSyeivioro BH^a; b npouecce nrpbi sth 
cynepMapTHHrajibi MoryT TOJibKO pacTH (nrpoKH He MoryT yMeHbHiHTb yace 3aaBjieHHbie 
3HaneHHfl). Ka>K^biH xo,a, JiioSoro H3 nrpoKOB, TaKHM o6pa30M, moxho cnnTaTb KOHCTpyK- 
thbhbim o6i>eKTOM (3aKO,znipoBaTb ^BOHHHbiM cjiobom h t. n.); nrpoKH xo,naT no onepejxn 
h BH,u;aT xo^bi flpyr flpyra (nrpa c nojmoH HHCpopMaHnen) . ,HpnojiHHTejibHO mm TpeSyeM, 
hto6m 3HaneHH5i Bcex cynepMapTHHrajiOB Ha nycTOM cjiOBe paBHajincb ejarmnne (hopmh- 
poBKa, HeoSxo^HMaa ,n;jia Toro, hto6m 3HaaeHHa He yxo^HJin b SecKOHeaHOCTb) . 

IlapTHa npe^CTaBjiiieT co6on SecKOHenHyio nocjie^OBaTejiBHOCTb nepe^yiomnxcn xo- 
^ob; b pe3yjibTaTe napTHH B03HHKaeT Tpn npe^ejibHbix cynepMapTHHrajia. CnnTaeTca, 
hto mm Bbinrpajin b TaKofi (SecKOHenHoii) napTHH, ecjin cymecTByeT nocjie^OBaTejib- 
HOCTb u, Ha KOTopoii Hani cynepMapTHHraji t BbinrpbiBaeT (He orpaHHaeH Ha HaaajibHbix 
OTpe3Kax u),bto BpeMa KaK 06a cynepMapTHHrajia npoTHBHHKa to h t\ He BbinrpbiBaiOT 
(orpaHHneHbi Ha HanajibHbix OTpe3Kax). 

OcHOBHaa jieMMa. Cyvj,ecmeyem guhucjiumclh cmpamezun e amou uspe, sapanmu- 
pymv^aH hclm eumpuui. 

HecjiojKHO 3aMeTHTb, hto 3toh jieMMbi flocTaTOHHO jjjia flOKa3aTejibCTBa TeopeMbi. 
B caMOM flejie, CTaH^apTHbiM o6pa30M mojkho ^OKa3aTb, hto cymecTByiOT JTBa MaKCH- 
MajibHbix (c TOHHOCTbio ^,0 orpaHnnemioro MHOJKHTejia) nepeHHCJiHMbix CHH3y cynep- 
MapTHHrajia to n ti onncaHHoro Bnija (,o,ejiaioiinix CTaBKH tojibko Ha neTHbix/HeneTHbix 
niarax). 3anycTHM CTpaTernio, ncnojib30BaB b KanecTBe npoTHBHHKa nepenncjieHne chh- 
3y 3thx flByx cynepMapTHHrajiOB. IlocKOJibKy CTpaTerna BbinncjinMa, to h jjaBaeMbiii eii 
cynepMapTHHraji t 6yu;eT nepenncjiHM CHH3y. IlocKOJibKy CTpaTerna BbiHrpbiBaiomaa, to 
Han;j,eTcn nocjie^OBaTejibHOCTb u, Ha KOTopoii t BbinrpbiBaeT, a to n t\ (n, 3HannT, jnoSbie 
nepenncjiHMbie CHH3y cynepMapTHHrajibi yKa3aHHoro BHJja) He BbinrpbiBaiOT, OTKya,a n 
BbiTexaeT yTBep>K^,eHne TeopeMbi. 

OcTajiocb ^OKa3aTb jieMMy. 3to 6yn;eT c^ejiaHO b cjiejryioinHx flByx pa3^ejiax: mm 
onpe^ejiHM Bepcnn stoh nrpbi Ha KOHenHOM flepeBe n npejrbaBHM CTpaTernio, rapaHTH- 
pyiomyio Bbinrpbini b sthx Bepcnax (b HeKOTopoM tohhom CMbicjie), a 3aTeM o6T.acHHM, 
KaK H3 3thx KOHeHHbix CTpaTernii coSpaTb CTpaTernio Jjjia SecKOHenHon nrpbi. 

4 Mrpbi Ha KOHenHbix h 6ecKOHeHHbix ^epeBbax 

PaccMOTpeHHyio HaMn nrpy ya,o6HO npe^CTaBjiaTb ce6e Ha SecKOHenHOM jj,epeBe, Bepnin- 
HaMH KOToporo aBjiaiOTca ^BonnHbie cjiOBa. HrpoKH yBejinnnBaiOT oneHKn cbohx cynep- 
MapTHHrajiOB fljin BepniHH SToro ^epeBa, a nocjie OKOHnaHna SecKOHenHon napTHH (ecjin 
mojkho TaK Bbipa3HTbca) npHxo^HT apSnTp h hihct SecKOHenHyio BeTBb c TpeSyeMMMH b 
onpe^ejieHHH nrpbi CBoiicTBaMH. 

Mm 6yzi,eM paccMaTpnBaTb TaKate noxoatne nrpbi Ha KOHenHbix jj,epeBbax. IIojieM Ta- 
koh nrpbi aBJiaeTca nojiHoe ^BonnHoe ^epeBO HeKOTopon bmcotm h. KaK n paHbnie, nrpo- 
KH xo^nT no onepe^n, yBejinnnBan TeKym,ne 3HaneHna cbohx cynepMapTHHrajiOB (t ijjia 
Hac, to h t\ jjjia npoTHBHHKa). YcjiOBHa Ha to h t\ Te ace: to MOJKeT flejiaTb CTaBKH tojibko 



Ha hcthmx niarax, t\ — tojibko Ha HeneTHbix. 3HaneHHii cynepMapTHHrajiOB (Bcex Tpex) 
b KopHe Bcer^a paBHbi ejjnHnne; b ocTajiBHbix BepniHHax H3HanajibHO cynepMapTHHrajibi 
paBHbi Hyjno h nocTeneHHO yBejinnnBaiOTcn HrpoKaMH. 

Hrpa no-npejKHeiviy 6ecKOHenHa, xoth hhcjio BepniHH h KOHenHo; jjjih jjaHHon (6ecKO- 
HeHHofl) napTHH mm paccMaTpnBaeM npejj;ejibHbie 3HaneHHn Bcex Tpex cynepMapTHHrajiOB 
b jiHCTbflx flepeBa h (popMyjinpyeM ycjiOBHe Bbinrpbima b hx TepMHHax. 3to ycjiOBHe no 

TeXHHHeCKHM npHHHHaM ^OBOJIbHO CJIOJKHOe, HO CMblCJI erO TaKOft: Mbl XOTHM, HToSbl B 

o,hhom H3 jiHCTbeB jj,epeBa Hani cynepMapTHHraji t 6biji 3aMeTHO Sojibine 1, b to BpeMn 
KaK Ha nyTH k STOiviy jiHCTy 06a cynepMapTHHrajia npoTHBHHKa He npeBOCxojrnjin 6bi 
ejTHHnnbi, hjih b KpaflHeM cjiynae oneHb HeHaMHoro npeBOCxojrnjin ejTHHnny (no cyTH, 
3to HeacHMnTOTnnecKHH BapnaHT ycjiOBna Ha 6ecKOHenHOM /xepeBe, Tpe6yinero, hto6m t 
CTpeMHjiocb k 6ecKOHenHOCTH, a to; ^1 Smjih orpaHnneHbi). 

IlpeflCTaBHM ce6e Ha MHHyTy, hto HaM yijajiocb BToro jj,ocTnnb b cjie,n,yioiii,eH (60- 
jiee CHJibHofi, neM mm CMOJKeM Ha caMOM /xejie, ho 06 stom noTOM) cpopMe: b ojihom 
h3 JiHCTbeB Hani cynepMapTHHraji Sojibine 2, a 06a cynepMapTHHrajia npoTHBHHKa no- 
npeacHeMy MeHbnie 1. TaKyio CTpaTernio mojkho ncnojib30BaTb KaK cocTaBHyio nacTb 
npn nocTpoeHHH BbinrpbiiHHOH CTpaTernn Ha SecKOHenHOM jj,epeBe: Hajj, BMHrpbiniHMM 
jiHCTOM mm MOJKeM nocTpoHTb HOBoe TaKoe ace no^mepeBO, rjj,e HanaTb Ty >Ke caMyio 
nrpy, ho yme HMen JTByKpaTHyio (popy. (3to 3HannT, hto xo^m b nrpe Ha SecKOHenHOM 
/xepeBe bjtboc Sojibine xojj;ob Ha KOHenHOM /xepeBe BTopon nrpbi, n hto mm npnMeHaeM 
BbinrpbiniHyio CTpaTernio fljin BToro KOHenHoro /xepeBa, yMHOJKaa xojim Ha flBa.) B npe- 
^ejie nojiynnM jihct, r^e Hani cynepMapTHHraji Sojibine 4 = 2 2 , a 06a cynepMapTHHrajia 
npoTHBHHKa no-npexoieMy He 6ojibine 1. Ha hSm mojkho BbipacTHTb eme ojjHy Konnio 
^epeBa, rjj,e nojiynnTb yace 2 3 = 8, n TaK /rajiee — n b npe^ejie nojiynnTcn 6ecKOHen- 
Haa BeTBb, r/xe Hani cynepMapTHHraji CTpeMHTca k 6ecKOHenHOCTH, a cynepMapTHHrajibi 
npoTHBHHKa orpaHnneHM. 

3to onncaHne HBjiHeTCH ynpoineHHMM n HmopnpyeT HeKOTopbie momchtm. ripe>K^,e 
Bcero Ha^,o HMeTb b Bn,zry, hto nrpa Ha KOHenHOM xepeBe He 3aKaHHHBaeTCH, noaTOMy 
mm jj,oji>khm HannHaTb cjie/ryioinne nrpbi (Ha npncoejxHHeHHbix no^mepeBbnx) , He jj,o- 
jKH/jaacb ee KOHna h Syoynn totobmmh k TOMy, hto BbiSpaHHMH jihct Bnocjie/xcTBHn 
OKa>KeTCH He BMHrpbiHiHMM. H3 Haniero onncaHna BMHrpbinia b nrpe Ha KOHenHOM flepe- 
Be bhjtho, hto ycjiOBHe BMHrpbinia b jjaHHOM jiHCTe MOJKeT CHanajia BbinojiHHTbca (Hani 
cynepMapTHHraji CTaHeT SojibinnM, a y npoTHBHHKa 06a cynepMapTHHrajia noKa Majibi), 
a noTOM HapyniHTbcn (Korjj,a cynepMapTHHraji npoTHBHHKa yBejinnnTcn) , ho nocjie SToro 
yace bhobb BbinojiHHTbca He cmojkct — TaK hto noBTopHO hh o/thh jihct b KaH/TH/jaTM He 
nona/raeT. 

BbinycKaa no/iirepeBO H3 TeKymero KaH/jn/iaTa (n 6paKya ero n Bcex noTOMKOB, Kor/ja 
KaH^n^aT 6yn,eT OTSponieH), mm nojiynaeM KapraHy Bpo^e cjie^yiomen (pnc. ED). Cepbie 
TpeyrojibHHKH H3o6pa>KaiOT nojj,jj,epeBbn, r^e nrpa 6bijia 3anym,eHa, a noTOM OKa3ajiocb, 
hto 3pa (KaHjj;Hjj;aT nojj; hhmh 6mji OTMeHeH); CBeTJibie TpeyrojibHHKH H3o6pa>KaiOT ^en- 
CTByiomne (Ha hckotopmh momcht) nrpbi. TonKaMH H3o6pa>KeHM KaHflHflaTM, b kotopmx 
(Ha flaHHMii momcht) BbinrpbinmaH CHTyanna. (Mm 6yjj;eM cnnTaTb, hto b KajK/jbin mo- 
MeHT b Ka>Kjj,OM no^mepeBe BbiSnpaeTcn KaKoii-TO o^hh h3 bo3mojkhmx KaH^n^aTOB, Hajj, 
KOTopMM CTpoHTcn nojj,jj,epeBO cjieflyiomen nrpbi, n noKa stot KaHjj,njj,aT He OT6ponieH, 
Hajj, flpyrnMH ^epeBbn He CTponTcn. B npnHnnne mojkho 6mjio 6m CTponTb jj,epeBbn cjie- 
jj;yioni;ero ypoBHH Hajj; BceMn KaHflHflaTaMH.) 




Phc. 1: AKTHBHbie n OTMeHeHHbie nrpbi Ha KOHenHbix ^epeBbax 

3aivieTHM, hto Ha caMOM /j;ejie HaM HyxcHO nrpaTb npoTHB o/iHoro npoTHBHHKa Ha 
SecKOHenHOM flepeBe (a He npoTHB pa3Hbix npoTHBHHKOB Ha KOHenHbix no/j.zjepeBbax) . 
O^HaKO xojim npoTHBHHKa Ha SecKOHenHOM flepeBe ecTecTBeHHO nepeBOflaTca b xojim b 
nrpax Ha (aKTHBHbix b jiaHHbin momcht) KOHenHbix jj,epeBbax. 

Ilo onpe^ejieHHio Bbinrpbinia Ha KaxflOM cjiejjyioineM ypoBHe Hani cynepMapTHHraji 
B03pacTaeT b jjBa pa3a no cpaBHeHHio c ero 3HaneHHeM Ha npe/iMJiyineM ypoBHe; c jjpyroii 
CTopoHbi, no TOMy me onpe/rejieHHio BflOJib Bcero nyTH, npoxo/iamero no BbinrpbiniHbiM 
jincTbaM, cynepiviapTHHrajibi npoTHBHHKa He npeBOCxo/iaT 1. 

IlocMOTpHM, hto npon3onjj,eT b npejj,ejie c stoh KapTHHKOH. Ha nepBOM ypoBHe bo3- 

MOJKHO TOJIbKO KOHeHHOe HHCJIO H3MeHeHHH KaHJJHJiaTOB , nOSTOMy B HeKOTOpblH MOMeHT 

noaBHTca "oKOHnaTejibHbin KaHjjnjjaT", KOTopbiii HHKor/ia He OTMeHHTca. C SToro MOMeH- 
Ta nrpa Ha/j; hhm 6yn;eT aKTHBHon, b Hen Toxce 6yn;eT tojibko KOHenHoe hhcjio H3MeHeHHH h 
TaK jjajiee. B HTore mm nojiynnivi SecKOHenHyio BeTBb, Ha KOTopon Hani cynepMapTHHraji 
HeorpaHnaeH, a 06a cynepMapTHHrajia npoTHBHHKa orpaHnneHM. 

5 lirpa Ha KOHenHOM ,n,epeBe 

H^ea KOHCTpyKu;HH 

HaaHeM c He(popMajibHoro o6T>acHeHna "npnnnH", no kotopmm b nrpe Ha KOHenHOM JJ,epe- 
Be cymecTByeT BbinrpMHiHaa CTpaTerna. HnTaTejib, KOTopoiviy sth oStacHeHHa noKajKyT- 
ca HenoHaTHbiMH, MOJKeT cpa3y nepefiTH k tohhmm (popiviyjinpoBKaM h JTpKa3aTejibCTBaM 
b cjiejjyioinirx pa3/j;ejiax, KOTopbie Ha sth oStacHeHna He onnpaiOTca. 

Ha^HeM c oneBH^Hbix 3aMenaHnn. Mm xothm, mtoSm b HeKOTopoM jiHCTe jj,epeBa Hani 
cynepMapTHHraji t 6mji Sojibnie 1. 3to 03HanaeT, hto b KaKnx-TO jjpyrnx jincTbax oh 
^ojiaceH 6biTb MeHbine 1 (nocKOJibKy cpejjriee 3HaneHne cynepMapTHHrajia b JincTbax He 
npeBoexoflHT 3HaneHna b KopHe, KOTopoe paBHO 1). TaKHM o6pa30M, HaM HyjKHO KaK-TO 
HanTH jiHCTba, Ha KOTopbie mojkho He TpaTHTb fleHer nonycTy, TeM caMbiM cskohomhb 
jj,eHbrn jjjia jjpyrnx jiHCTbeB. Ojjria H3 B03MO>KHOCTeH — He TpaTHTb jj,eHbrn Ha "Secnep- 
cneKTHBHbie" JincTba, Ha nyTH k kotopmm ojihh H3 cynepMapTHHrajiOB npoTHBHHKa yace 
npeBbicnji ejjHHnny. Ecjih mm nocTaBHM HeKOTopoe C > 1 bo Bee ocTajibHbie JincTba, Kpo- 
Me 3Toro SecnepcneKTHBHoro, to sto rapaHTHpyeT HaM Bbinrpbini: Ha HeKOTopoM nyTH H3 



KopHH 06a cynepMapTHHrajia npoTHBHHKa He npeBoexojjnT eirnHnnbi (b Ka>K,a,OH BepniHHe 
o,hhh H3 cynepMapTHHrajiOB He nrpaeT, a BTopoii npn o^hom h3 hcxo^ob nponrpbiBaeT) , h 
nyTb 3tot 3aKOHHHTca b o^hom H3 JiHCTbeB, r,o,e mm nocTaBHjiH C . (Hto6m He npeBBICHTb 
cpe^Hee 3HaneHne jjjih Haniero cynepMapTHHrajia b KopHe, mojkho b3stb C = JV/(JV — 1), 
r^e N — nncjio JiHCTbeB.) 

Mto >Ke ^ejiaTb, ecjin npoTHBHHK He coBepmaeT Taxnx oihhSok h He co3,a,aeT Secnep- 
cneKTHBHbix JiHCTbeB, b KOTopbix mm eme HHnero He nocTaBHjiH? HanHeM c Toro, hto 
noMecTHM C b caMbiii jieBbin jihct x. 



to 




to 



Phc. 2: Hanajio nrpbi. B jieBOH KOJiOHKe yKa3aH cynepMapTHHraji, HrpaiomiiH Ha flaHHOM 
ypoBHe. 

IlpoTHBHHK flOJiJKeH paHO hjih no3^HO Ha 3to OTBeTHTb, c^ejiaB o^HH H3 cbohx cynep- 
MapTHHrajiOB to, ti SojibHiHM eflHHHHbi b x hjih Ha nyTH k Heiviy. 3aMeTHM, HTO BO BTOpOM 
cjiynae oh y»ce coBepniHT oninSKy, o KOTopon mm roBopnjiH (hohbhtch SecnepcneKTHB- 
hmh jihct y — 6paT x). 

IlosTOMy mm MoaceM CHHTaTb, hto ojj,hh H3 cynepMapTHHrajiOB npOTHBHHKa Sojibnie 
e;j,HHHn,bi b caMOM jiHCTe x. Bojiee Toro, mojkho CHHTaTb, hto TaKOBbiM OKa3ajiCH cy- 
nepMapTHHraji, KOTopbifi ^ejiaeT CTaBKH b OTne x (o6o3HannM 3Ty BepniHHy u); nycTb, 
CKaxceM, 3to 6yjj;eT to- (B npoTHBHOM cjiynae 3HaneHne SToro cynepMapTHHrajia b u 6mjio 
6bi SojibHie e;j,HHHn,bi h y OKa3ajica 6m SecnepcneKTHBHMM, xoth mm Tya,a eme Hnnero He 

nOCTaBHJIH.) 

HaniHM cjie^yioni,HM xojj,om mm noMemaeM C b y. B OTBeT npoTHBHHK ^ojixteH yBejin- 
hhtb Ha nyTH b y ojthh H3 cbohx cynepMapTHHrajiOB. 3to He MOJKeT 6mtb to, nocKOJibKy 
Torjja noHBHTca SecnepcneKTHBHbie jihctbh. (Ecjih to npeBbiniaeT 1 b y, to h b u ecTb 
npeBbinieHHe, nocKOJibKy b u nponcxo^HT ycpe^HeHne, a b x npeBbinieHHe yxce 6mjio. 
Ecjih ecTb npeBbinieHHe b u, to ecTb npeBbinieHHe h b ero OTne v, nocKOJibKy b v cynep- 
MapTHHraji to CTaBOK He flejiaeT.) 

TaKHM o6pa30M, b HeKOTopbiii momcht cynepMapTHHraji t\ npeBMCHT 1 b BepniHHe y 
hjih Ha nyTH k Hen. nocKOJibKy Ha nocjiejTHeM mare cynepMapTHHraji t\ He nrpaeT, to 
3to npeBbinieHHe npon30HJj;eT y»ce b u hjih Ha nyTH k u. 

riocjie SToro mm noMemaeM C b cjieijyioinHH (TpeTHH cjieBa) jihct z\ npoTHBHHK )0,oji- 
>KeH c^ejiaTb o^hh H3 cynepMapTHHrajiOB SojibninM eirnHnnbi b z hjih Ha nyTH k z, h sto 



MoaceT SbiTb TOJibKO cynepMapTHHraji to, HHane cjie,n,yioiiiHH jihct p CTaHeT 6ecnepcneK- 
thbhmm. 3aTeM mm noMeinaeM C b p; o^hh h3 cynepMapTHHrajiOB npoTHBHHKa jj,oji>KeH 
npeBbiCHTb e,HHHHny Ha nyra b p, h sto mojkgt 6biTb TOJibKO to? HHane t\ npeBMCHT 
ejTHHHiry b u h q (oTne p), a cjieflOBaTejibHO, h b v (ycpe/THeHne), a noTOMy n b npejrme- 
CTByiomeH BepniHHe w (r^e t\ He nrpaeT), h noHBHTca cpa3y neTbipe SecnepcneKTHBHbix 

JIHCTa. 

IlpoflOJiJKaa 3tot nponecc, mm bh,hhm, hto Ha Ka>K,a,OM niare y npoTHBHHKa ecTb tojib- 

KO OflHO B03MO>KHOe fleHCTBHe, eCJIH OH XOHCT H36e>KaTb npe^K^eBpeMeHHOH OT6paKOBKH 

BepniHH, h noTOMy mm 3HaeM, KaKoii H3 ero cynepMapTHHrajiOB flOJiaceH npeBbiCHTb e^n- 
Hnny b Ka>KflOM H3 jincTbeB (KpoMe nocjie^Hero) . 3Ty 3aKOHOMepHOCTb mojkho noacHHTb 
aHajiorneii. IIpeflCTaBHM ce6e, hto b KajKjjpM jiHCTe HMeeTca SyjieBa nepeMeHHaa, 3Ha- 
neHHe KOTopoii (0 hjih 1) onpe^ejiaeT, KaKon H3 cynepMapTHHrajiOB npoTHBHHKa (to hjih 
t\) npeBbiniaeT ejjHHniiy b flaHHOM JiHCTe. 3naneHHH stoh nepeMeHHOH pacnpocTpaHH- 
K)Tca bhh3 (k KopHio) no npocTMM H-HJIH-npaBHJiaM: ecjin cynepMapTHHraji nrpaeT b 
BepniHHe h ero 3HaneHne npeBoexo^HT ejTHHnny b o6oux cmhobbhx stoh BepninHM, to oh 
npeBoexoflHT e/rnHnny h b 3toh BepniHHe; ecjin xce oh He nrpaeT b BepniHHe, to jjpcTa- 
tohho npeBoexo^HTb ejjHHniiy b oShom H3 CMHOBen. 

IlpejKfleBpeMeHHaH 6ecnepcneKTHBHOCTb jincTa cooTBeTCTByeT npn stoh aHajiornn to- 
My, hto Ha3MBaeTca coKpameHneM BbinncjieHnii (short-cut evaluation) b H3MKax npo- 
rpaMMHpoBaHna: ecjin o^Ha H3 nacTen koht.iohkhhh jiojKHa (hjih o/xHa H3 nacTen jthst.- 

IOHKHHH HCTHHHa), OTnajjaeT HaJT06H0CTb B BMUHCJieHHH flpyrOH. IlpOTHBHHK, npHCBaHBa- 

k)iu,hh 3HaueHHH nepeMeHHMM b jihctbhx H-HJlH-^epeBa cjieBa HanpaBO, h xcejiaioinHH, 
hto6m 3HaueHHe KaxcjjpH cjie^yiomen nepeMeHHoii (npn H3BecTHbix npe,HM,ii,yinHx) Morjio 
noBjiHHTb Ha 3HaueHHe Bbipa^KeHHsi, TaK>Ke He HMeeT Bbi6opa (^o nocjie,nHero MOMeHTa). 
H^ea BMHrpMHiHOH CTpaTernn: jih6o mm nojib3yeMca npenMymecTBOM, KOTopoe JiaeT 
HaM npejK^eBpeMeHHO JTHCKpejTHTnpoBaHHMH jihct (HaM He Ha^o TpaTHTb Ha Hero jreHb- 
rn), jih6o HcnojiB3yeM npenMymecTBa, KOTopbie B03HHKaiOT nocjie Toro, KaK npoTHBHHK 
o6cjiy>KHT nepByio ueTBepTb Bcex jihctbcb. B nepBOM cjiyuae mbi CMOxceM nocTaBHTB 
C = N/(N — 1) Ha Bee jihctbh, KpoMe o/XHoro (npe>KfleBpeMeHHO JxncKpejxHTHpoBaHHoro) ; 
3ij;ecb N o6o3HauaeT uhcjio JincTbeB. Bo btopom cjiyuae nocMOTpHM Ha nocjie/TOBaTejib- 

HOCTb SyjieBCKHX 3HaueHHH, npH KOTOpOH He npOHCXOflHT COKpameHHH BMHHCJieHHH, TO 

ecTb 0100010101000100 . . \j KajKJXbiii BTopoii ujieH b stoh nocjiejjpBaTejibHOCTn HyjieBOH, 
to ecTb b KaxflOM btopom jiHCTe cynepMapTHHraji to npeBbiniaeT e,HHHHn,y. IIosTOMy ,HBy- 

M8 ypOBHHMH HH>Ke BCe 3HaueHH5I to He MeHbHie 1/2, H nOJXUHHHIOTCH TOMy ace 3aKOHy, 

TaK hto b nojiOBHHe H3 hhx t He MeHbnie 1. Eine jjnyMH ypOBHHMH Hnace Bee 3HaneHHH to 
He MeHbnie 3/4, a nojiOBHHa He MeHbnie 1, n TaK jiajiee. AHajiornuHoe paccyjKfleHne npn- 
MeHHMO k t\ co cflBnroM Ha ypoBeHb. IlosTOMy mm MOJKeM B3HTb jno6yio BepniHHy, Hajj; 
kotopoh jj,ocTaTOHHO 6ojibruoe no^mepeBO, h paccuHTMBaTb Ha to, hto b Hen (cKa>KeM) t± 
ecjin h MeHbnie 1, to HeHaMHoro. Bo3bMeM b KanecTBe stoh BepniHHM caMoro JieBoro H3 
neTbipex BHyKOB kophh (b kotopom t x jj;ejiaeT CTaBKn; b jj;eTHx KopHH oh nx He jj;ejiaeT). 
Torjj;a t x 6y^;eT tojibko nyTb-nyTb MeHbnie 1 n b jieBOM CMHe kophh. A 3HannT, t\ He 
MOJKeT 6biTb cnjibHO Sojibnie 1 b npaBOM cbme kophh, n ecjin mm cocpejj;oTonHM ocTaT- 
kh ^eHer Ha jiHCTbax npaBOH nojiOBHHM jj,epeBa (Ha KajKjj,bin jihct npnjj,eTCii npnMepHO 
4/3, nocKOJibKy neTBepTb JincTbeB ocTaiOTca cbo6o^hmmh h em,e b ojj,hoh neTBepTH b hhx 
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ctoht C). C iipyron CTopoHbi, 06a cynepMapTHHrajia npoTHBHHKa jiHinb HeMHoro MoryT 
npeBoexo^HTb 1 b npaBOM cbme KopHa, n 3to cbohctbo pacnpocTpaHaeTca CHH3y BBepx 

XOTfl 6bl B OflHH JIHCT. 

B o6ohx cjiynaax mm flocTHraeM HeKOToporo npenMymecTBa Ha^ npoTHBHHKOM, ho 
npeniviymecTBa sth pa3JiHHHM, h TOHHoe onpe^ejieHne kohghhoh iirpbi aojijkho sto ynn- 
TbiBaTb. riepen^eM k cpopMajibHOMy onncaHnio stoh nrpbi (KOTopoe He 3aBHCHT ot h3jio- 
>KeHHbix Bbime He(popMajibHbix cooSpaxtemiH) . 

Hrpa Ha KOHenHOM /jepeBe: TOHHoe onpe/jejiemie 

KaK mm ynoMHHajiH, ccpopMyjinpoBaHHaa HaMH fljia npniviepa nejib nrpbi (aoShtbch, hto- 
6m Hani cynepMapTHHraji Smji paBeH 2 b BepniHHe, Ha nyTH k kotopoh cynepMapTHHrajibi 
npoTHBHHKa He npeBbimaiOT 1) ccpopMyjinpoBaHa cjihhikom chjibho: mbi CMOxteM ^octhhb 
MeHbinero, ho SToro OKaxceTca jrocTaTOHHO. 

Pa3peineHHbiii pocT ^;jih cynepiviapTHHrajiOB 

B nrpe Ha KOHeaHOM ^epeBe HaM He yjjacTca rapaHTHpoBaTb, hto b o^hom h3 jiHCTbeB 
(h Ha nyTH k HeMy) 06a cynepMapTHHrajia npoTHBHHKa SyzryT b tohhocth He Sojibine 1; 

HeKOTOpblH HX pOCT (b 1 + 5 pa3) npH^eTCS pa3peHIHTb. 3th KOSCpCpHHIieHTM (1 + 5) 

nepeMHoacaiOTCfl iiJia ^epeBbeB nenonKH h HaKanjinBaiOTca, ho ecjin npon3Be;j,eHHe hx 
orpaHHneHO KOHCTaHToii, sto He CTpaniHO. 

C flpyroii ctopohm, HaM He yjjacTca h rapaHTHpoBaTb yBejinaeHne Haniero cySMap- 
THHrajia b 2 pa3a, a jihhib b HeKOTopoe MeHbniee hhcjio pa3 (Ha KaacflOM ypoBHe, KaK mm 
yBnjjiiM, CBoe). B 3tom cjiyaae HaM, HanpoTHB, Heo6xo;iHMO, hto6m npon3Be;j,eHHe sthx 

K03(p(pHH,HeHTOB CTpeMHJIOCb K SeCKOHeHHOCTH. 

ToBopa Sojiee cpopMajibHO, ,o,Jia Ka>K;j,oro H3 KOHeaHbix no^^epeBbeB mm npnMeHa- 
eM jieMMy c cooTBeTCTByioinHM nonpaBOHHMMH MHOJKHTejiHMH fljia 3HaneHHH cynepMap- 
THHrajiOB b KopHe. TaKHx MHOJKHTejieii flBa: jj;jih Hac h jjjia npoTHBHHKa, h ohh nepe- 
MHoacaiOTCfl OT^ejibHO. YcjiOBHe BMHrpbinia b npejjMjjymnx JincTbax rapaHTHpyeT, hto 
peajibHbie xojim npoTHBHHKa He npeBbicaT pa3peniaeMbix b nrpe Ha KOHenHOM ;j,epeBe (c 
nonpaBKon), h hto Hanin xo^m He HapyniaT ycjiOBne cynepMapTHHrajibHOCTH. (KaK tojib- 
ko ojihh H3 JiHCTbeB Ha nyTH nepecTaeT 6biTb BMHrpbiniHMM, mm npeKpamaeM H3MeHeHHH 
b noflflepeBe.) 

^epeBba nepeivieHHoro pa3Mepa 

CKa3aHHoe 06 H3MeHeHHH KOSCpcpnnneHTOB B03pacTaHHa (flJia Haniero cynepMapTHHrajia 
n jj,jia cynepMapTHHrajiOB npoTHBHHKa) npejjnojiaraeT, ecTecTBeHHO, hto bmcotm KOHen- 
hmx jj,epeBbeB, Ha kotopmx Be^yTca nrpbi, pa3JinnHM. 3th bmcotm mm MoateM BbiSnpaTb 
no CBoeMy ycMOTpeHHio, CTpeMacb flocTHHb Hanien nejin (pacxoanMOCTH npoH3BeaeHHa 

HaniHX KOSCpCpHHHeHTOB H CXOJTHMOCTH npOH3BeaeHHH KOSCpCpHinieHTOB npOTHBHHKa). 

/^ByxBapHaHTHbiH Bbinrpbim 

K coacajieHHio, h 3Ta KapTHHa (flBa KOSCpcpninieHTa yBejinaeHna — jj,jia Hac n jj,jia npo- 
3aBHcannie ot bmcotm) aBjiaeTca ynpomeHHon. Ha caMOM ^ejie y Hac 6y- 



,a,eT jjBa BapnaHTa BMHrpbinia; ,a,Jin ^aHHOH bmcotm h jj,epeBa SyoyT ,a,Be napbi nnceji 
(Mi(/i), mi(h)) n (M2(h) , rri2(h)) . BbinrpbiniHbiM jihctom cnnTaeTcn TaKOH, b kotopom 
(fljifl HeKOToporo i G {1,2}) Hani cynepMapTHHraji npeBoexojjHT Mj(/i), b to BpeMa KaK 
06a cynepMapTimrajia npoTHBHHKa b stom JiHCTe n Ha nyTH k Heiviy He npeBoexojjHT 
rrii{h). 

3th napbi SyayT TaraMH: 

1 : 7. I i • I ^a 
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KOHKpeTHblH BHfl 3THX CpOpMyjI He TaK Ba>KeH. CymeCTBeHHO TO, HTO flJIH BbiHrpbima 

HaM ^ocTaTOHHO cyinecTBOBaHHH JiHCTa, b kotopom BbinojiHeHO ojtho H3 flByx: jih6o 

(1) Hani cynepMapTHHraji yMHO>KaeTcn (no cpaBHeHHio c KopHeivi) Ha HeKOTopbiii Koscp- 
(pnnneHT, xoth 6m HeHaMHoro 6ojibniHn 1, b to Bpeivin KaK cynepMapTHHrajibi npoTHBHHKa 
He yBejiHHHBaiOTCfl, jih6o 

(2) Hani cynepMapTHHraji cymecTBeHHO yBejiHHHBaeTca (b 3/2 pa3a) neHon He6ojib- 
ruoro (h SbiCTpo y6biBaioni;ero c poctom h) yBejinneHHH y npoTHBHHKa. 

Ilpn 3tom ecTb erne o^ho yTOHHemie: mm o6n3aHM yKa3MBaTb, KaKoii bhjj, BbiHrpbima 
mm njiaHHpyeM b flaHHOM jiHCTe. 3to 03HanaeT, hto b xojj,e nrpbi mm MOxceM CTaBHTb 
Ha jiHCTbnx (HecTnpaeMbie h HecoBMecTHbie flpyr c ijpyroM) noMeTKH "1" h "2" (bhjj, 
BMHrpbinia) , h jtojukhm oSecnennTb, htoSm b npe^ejie cymecTBOBaji jihct c noMeTKOH, 
b kotopom jj;ocTHraeTca yKa3aHHMH Tnn BbiHrpbima. (IloMeTKa Ha JiHCTe onpe/xejiaeT 
BbicoTy cjie^,yioni,ero jj,epeBa, pacTymero H3 SToro JiHCTa.) 

HTaK, mm roTOBM k OKOHHaTejibHOH cpopMyjinpoBKe: 

OcHOBHaa jieMMa 06 nrpax Ha KOHenHbix ^epeBbax. JJah ak>6ozo HenemHozo 
h ^ 3 e uzpe na depeee eucomu h y nac ecmb cmpamezuH, zapaHmupywii^aH odun U3 
deyx yKa3aHHUx eudoe eumpuum. 

IloKajKeM, KaK H3 stoh jieMMM BMTeKaeT cymecTBOBaHne BMHrpbiniHon CTpaTernn Ha 
6ecKOHenHOM ^epeBe. (,HpKa3aTejibCTBO jieMMM mm otjiojkhm jj,o cjiejjyioinero pa3,o,ejia) . 

B caMOM jj,ejie, HanHeM nrpaTb Ha jj,epeBe HeKOTopon bmcotm, HanpnMep, 3. Ecjih y 
Hero noaBJiaeTCH BbinrpbiHiHMH jihct, to Hajj; hhm mm ctpohm HOBoe /xepeBO — toh ace 
bmcotm 3, ecjin jihct nepBoro pojja, n Sojibineft bmcotm, CKaaceM, 5, ecjin jihct BTopo- 
ro pojia. Ecjih y BToro flepeBa BToporo ypoBHH noaBJiaeTca BbiHrpMHiHMH jihct, to mm 
ctpohm Hajj, hhm cjie^yioinee flepeBO — He MeHnn BbicoTy, ecjin jihct nepBoro po^a, h yBe- 
jiHHHBaii BbicoTy Ha 2, ecjin BToporo po^a. (KaK mm yace roBopHjin, moxho cnnTaTb, hto 

B KaJKJJ,MH MOMeHT BMHrpbiniHMH JIHCT TOJIbKO OJJHH, OTKJiaiJMBaH HCnOJIb30BaHHe cjie- 

/ryioinero jto Tex nop, noKa npejTMJryinHH OKa»ceTcn Hero/iHMM. Korjja jihct CTaHOBHTcn 
HeroflHMM, Bee nocTpoeHHoe Ha,n hhm TaK»ce OTSpacbiBaeTca.) 

(Otmcthm, hto npHBejj,eHHbin Bbinie pncyHOK Q] CTaHOBHTcn Heajj,eKBaTHMM: BbicoTa 
^epeBbeB pacTeT CHH3y BBepx, a He y6biBaeT, KaK HapncoBaHO, h, KpoMe Toro, BbicoTa 
pa3Hbix jj,epeBbeB o^Horo ypoBHH MO>KeT 6biTb pa3Hon.) 

IlocMOTpHM, hto MOJKeT nojiynHTbCH b npe/xejie Ha SecKOHenHofi BeTBH. B Hen jih6o ko- 
HenHoe hhcjio BMHrpbiniHbix jiHCTbeB BToporo po/ia, jihSo 6ecKOHenHoe. Ecjih KOHenHoe, 
to bmcotm jj,epeBbeB b 3toh bctbh CTa6HjiH3HpyiOTCii, cynepMapTHHrajibi npoTHBHHKa c 
HeKOToporo MOMeHTa He pacTyT (n noTOMy orpaHnneHbi) , a Hani cynepMapTHHraji c SToro 
ace MOMeHTa yMHOJKaeTcn Ha nocTOHHHMH K03(p(pHH,HeHT (n noTOMy HeorpaHnneH) . Ecjih 
SecKOHenHoe, to npn KajKjj;oM nepexojj;e BToporo pojj;a cynepMapTHHrajibi npoTHBHHKa 
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yMHOJKaiOTca Ha 

l + l/(2L(ft-i)/2J) 

c onepe^HbiM h, a b npoMe>KyTKax He pacTyT, Tax hto b ixejiOM nocjie^OBaTejiBHOCTb 
opraHHneHa. C flpyroii eropoHbi, KaatJTbiH nepexojj; BToporo pojja yBejinanBaeT Hani cy- 
nepiviapTHHraji b 3/2 pa3a, a b npoMeacyTKax oh He yMeHbinaeTca (h Jiaace HeMHoro 
yBejiHHHBaeTca, ho bto He Baaoio), Tax hto b ixejiOM oh He orpaHnneH. 

TaKHM o6pa30M, b o6ohx cjiynaax mm nojiynaeM 6ecKOHenHyio BeTBb, r^e cynepMap- 
THHrajibi npoTHBHHKa orpaHHneHbi, a Hani — HeT. 

BbinrpbiuiHaa CTpaTerna: iio,zi;po6hocth 

OnnnieM BbinrpbiHiHyio CTpaTernio Ha aepeBe HeaeTHOii bbicotm h. BbiSepeM nyTb H3 
KopHa b oflHH H3 jiHCTbeB, HanpHMep, nyTb, Haymnft Bee Bpeivia HajieBO. BepniHHbi Bapjib 
BToro nyTH o6o3HaanM A , Ai, A 2 , . . .. Mm HaaHeM nrpy c Toro, hto paccMOTpnM SpaTbeB 
B3, B5, . . . h b aepeBbnx Haa, hhmh HannnieM hhcjio c = 2/(2—1) (pnc.[3]). rioa, hhmh mm 
TO>Ke flOJiJKHbi yBejiHHHTb 3HaneHHe Hamero cynepMapTHHrajia, nojioacnB ero b Kaatapn 
BepniHHe cpeaHeMy 3HaneHHio b jiHCTbax-noTOMKax. (HanoMHHM, hto H3HanajibHO Bee 
3HaaeHHa Haniero cynepMapTHHrajia paBHbi Hyjiio, KpoMe eanHHina b KopHe, KOTopaa 
TaK h ocTaeTca eaimnireH Ha npoTaaceHnn nrpbi.) 



Phc. 3: Ham nepBbiii xoa, 

B pe3yjibTaTe SToro noaBJiaeTca cpa3y HecKOJibKO BepniHH, rae Hani cynepMapTHHraji 
He MeHbHie c. IIpothbhhk, hto6bi H36ea<aTb nponrpbinia (no nepBOMy BapnaHTy), apa- 
>KeH caeaaTb o^hh H3 cbohx cynepMapTHHrajiOB 6ojibnie earmnnbi Ha nyTH b jik>6oh h3 
jincTbeB, b KOTopbix ctoht c. Oh MoateT aeaaTb 9to jihSo b aepeBbax Hafl B^ } B^, } . . ., 
jihSo HHace nx. HanHeM co BToporo BapnaHTa. 

Cjiynaii A. IIpothbhhk caeaaji ojihh h3 cbohx cynepMapTHHrajiOB Sojibnie 1 b oaHoii 
H3 BepniHH Ai (tojibko 3th BepniHHbi BCTpeaaiOTca Ha nyTH k Bi He apxoaa ap hhx). 
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HaniH fleiicTBHH: yBejiHHHBaeM Ham cynepMapTHHraji bo Bcex BepniHHax, KpoMe ca- 
moh jieBOH, jj,o c. (B ocTajiBHbix BepniHHax npoH3BO,iniM ycpe^HeHne; b KopHe sto ycpe,a,- 
HeHne ^aeT KaK pa3 e^HHHn,y) 

IIoHeMy 3Toro flociaTOHHo: nocKOJibKy 06a cynepiviapTHHrajia npoTHBHHKa b KopHe 
He Sojibine 1, to HanfleTca jihct, Ha nyTH k KOTopoiviy ohh 06a He 6ojibnie 1 (nmeM jihct 
h3 KopHH BBepx, b Ka>K^OH BepniHHe o^HH H3 cynepMapTHHrajiOB ^ejiaeT CTaBKy, H^eivi 
BBepx Tax, hto6m oh He B03poc — a BTopoii 3aBe,a,OMO He H3MeHHTca). 3tot jihct He 
MoaceT 6biTb caMbiM jicbbim (Ha nyTH k HeMy o^hh h3 cynepMapTHHrajiOB npoTHBHHKa 
SbiBaeT SojibHie ejTHHHHbi) , a b ocTajibHbix y Hac ctoht c. 

Cjiynafi B. IIpothbhhk yBejiHHHJi cboh cynepiviapTHHrajibi b JxepeBbax Hajj; 
B 3 ,B 5} . . ., 3aKpbiB Bee BepimiHbi, r/ie mm nocTaBHJin c. B stom cjiynae bo Bcex Bep- 
niHHax i?3,i?5, . . . o,a,HH H3 cynepMapTHHrajiOB npoTHBHHKa 6ojibine e^HHHii,bi. (B caMOM 
,a,ejie, HHane H3 btoh BepninHbi mojkho Gmjio 6m npoTimyTb nyTb BBepx, bjj,ojib KOToporo 
06a cynepMapTHHrajia npoTHBHHKa He npeBoexo/jHT ejTHHHHbi.) 

HnacHaa oijeHKa. Mojkho CHHTaTb 6e3 orpaHnneHHH oSihhocth, ^to npeBOCxo/iHT 
ejTHHHiiy tot H3 cynepMapTHHrajiOB, kotopmh nepejj; bthm nrpaji (nocKOJibKy jrpyroii 
cynepMapTHHraji He MeHneTcn, ^pyron BapnaHT noKpMBaeTcn cjiynaeM A). TaKHM o6pa- 
30m, mojkho CHHTaTb, hto "HeneTHbin" cynepMapTHHraji npoTHBHHKa Sojibine 1 bo Bcex 
BepniHHax B 3 ,B 5} . . . 

B 3tom cjiynae mojkho nojiynnTb hhjkhioio oiieHKy Ha 3HaneHHH HeneTHoro cynepMap- 
THHrajia b BepniHHax Ai, hjjh CBepxy bhh3. B nojiOBHHe cjiynaeB oh He JiejiaeT CTaBOK h 
noTOMy He H3MeHaeTca; b ocTaBniencii nojiOBHHe mm npoH3BO,iniM ycpe^HeHne c hhcjiom, 
6ojibniHM 1. riojiynaeM TaKyio oneHKy, KaK Ha pncyHKeS] (rjj,e OHa noKa3aHa jj,jis ^epeBa 
BbicoTbi 7): nocKOJibKy b KopHe HeneTHbin cynepMapTHHraji He Sojibine 1, to b B\ oh He 



[>0]A 




Phc. 4: Hn>KHHe oneHKH jjjia t\ bjj,ojib H36paHHoro nyTH h BTopon xo,a, 

Sojibnie 9/8 ^Jin Haniero pncyHKa, a b o6ineM cjiynae — He 6ojibine 1 + l/2^ h ~ l >' 2 ). 

HaniH fleiiCTBHa: bo Bcex jincTbax Hajj, B\ mm nojiaraeM Hani cynepMapTHHraji 
paBHMM 3/2, HHJKe no ycpe/iHeHHio (jierKO npoBepnTb, hto mm He npeBMCHM ejTHHHHbi b 
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KopHe, Tax KaK BTopaa neTBepTb jiHCTbeB He Hcnojib30BaHa BooSme, a b nepBoii neTBepra 
3H&*iemie jihhib nyTb Sojibine 1 h He bo Bcex BepniHHax). 

IloHeMy SToro ^ocTaTOHHo: Tax KaK b B\ 06a cynepMapTHHrajia npoTHBHHKa He 
6ojibine 1 + l/2 ( - h ~ 1 '' 2 (a o^hh ^aace He npeBoexo^HT e^HHHHbi, ho sto HeBaxcHo), to sto 
ace BepHO Ha nyTH k o^HOiviy H3 jiHCTbeB Ha^ Bi . A Hani cynepiviapTHHraji b jiioSom TaKOM 
jiHCTe paBeH 3/2. 

3aMeTHM, hto TpeSoBaHne ^eKjiapHpoBaTb Tnn BbinrpbiHia BbinojiHaeTca jierKo: Bep- 
niHHbi c c mm fleKjiapnpyeM KaK BepniHHbi nepBoro rana, a BepniHHbi c 3/2 ^eKjiapnpyeM 
KaK BepniHHbi BToporo THna. 

IlocTpoeHHe BbinrpbiHiHOH CTpaTernn b nrpe Ha KOHenHOM ^epeBe (h TeM caMbiM 
^OKa3aTejibCTBO TeopeMbi) 3aBepnieHO. 

6 O HepaBHOMepHbix Mepax 

CynepiviapTHHrajibi cooTBeTCTByiOT H3MeHeHHio KanHTajia b xo^e nrpbi. ,Ho chx nop mm 
npe^nojiarajin, hto nrpa Hcnojib3yeT CHMMeTpnHHyio MOHeTy, h Torzja CTaBKa Ha yra^aH- 
Hbin 6ht yzjBanBaeTca. Ecjih MOHeTa npe^nojiaraeTCii HecHMMeTpnHHOH, to h npaBHjia nr- 
pbi ^,oji>KHbi cooTBeTCTBeHHO H3MeHHTbca: MeHee BepoiiTHbiH ncxofl ^aeT Sojibniee yBejin- 
neHne CTaBKH. 3to OTpaxceHO b onpeflejieHHH cynepMapTHHrajia OTHOCHTejibHO 3aflaHHoii 
Mepbi. HeoTpHii;aTejibHaH cpyHKnna \i Ha flBonnHbix cjiOBax Ha3biBaeTca (BepoHTHOCTHon) 
Mepou, ecjiH ju(A) = 1 (r^e A — nycToe cjiobo) h 

fi(x) = /i(xO) + /i(xl) 

fljiii jnoSoro x. CynepMapmumaAOM omnocumeAbHO \i Ha3biBaeTca HeoTpnnaTejibHaa 
cpyHKniiH m Ha jxbohhhbix cjiOBax, ^jih KOTopon 

. . . ,u(xO) , . u(xl) 

mix) ^ m(xO)!-—t + m(xl)^-^- 
H(x) fx(x) 

npn Bcex x. (JXjis paBHOMepHoii Mepbi, r^e X(x) = 2~ n ^jih cjiOBa x fljinHbi n, nojiynaeM 
npexcHee onpe^ejieHHe.) 

Korjja roBopiiT o nepenncjinMbix CHH3y cynepMapTHHrajiax, oSmhho npe^nojiaraiOT, 
hto Mepa fi BbiHHCJiHMa. B 3tom cjiynae coxpaHiieT cnjiy KpnTepnii cjiynanHOCTn no 
MapTHH-Jlecpy b TepMHHax nepenncjinMbix CHH3y cynepMapTHHrajiOB. 

Ochobhoh pe3yjibTaT stoh CTaTbH Smji ccpopiviyjinpoBaH ^jih cjiynaa paBHOMepHoii 
Mepbi, ho oh nepeHOCHTca h Ha Sojiee mnpoKHii KJiacc BbinncjinMbix Mep: 

TeopeMa. Ilycmb /i — euuucAUMan Mepa, 3ah Komopoil ycAoenue eeponmnocmu no- 
HejiemiH Hyjin u eduHwu,u nocjie Ato6oso cjioea x omdejienu om hajam, mo ecmb ne Menbiue 
neKomoposo noAootcumeAbnoso e, ne 3aeucnwfi20 om x. Tosda Haudemcn nocAedoeameAb- 
Hocmb, He CAyuaunatt no Mepe \i, na nomopou ozpanunen ak>6ou nepeuucAUMuil cnu3y 
cynepjuapmuHsaA, deAafov^uu cmaeKU moAbno na uemnux uau moAbno na Heuemnux 
xodax. 

,HoKa3aTejibCTBO cjiejjyeT toh ace cxeMe, tojibko Ha^o H3MeHHTb nncjieHHbie 3HaneHHii 
napaMeTpoB Bbinrpbima Ha KOHenHOM jj,epeBe, a TaKace no^xo^,aiu,HM o6pa30M BbiSnpaTb 
nyTb Aq, Ai : A.2, ■ ■ ■ flJia BbinrpbiHiHOH CTpaTernn. 
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